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Abstract 



We consider the spatially flat Friedmann-Lemaitre- Robertson- Walker 
space time in the teleparallel model of gravity and assume that the 
universe is filled nearly by cold dark matter and a nonminimally cou- 
pled scalar field with a power-law potential as dark energy. We in- 
vestigate the possibility that the universe undergoes a transition from 
quintessence to phantom phase. An analytical solution for the scalar 
field is obtained and necessary conditions required for such a transition 
are discussed. 



1 Introduction 

Teleparallel model of gravity, is a description of classical gravity where in- 
stead of the torsion-less Levi-Civita connection, the curvature-less Weitzenbock 
connection is employed [T]. In this model, the action reads 

S = I (^r^T + det{el,)d'x. (1) 

In terms of dynamical vierbeins fields, e^, the metric is g^^ = rjmne^^u 
ciei(e^) = \/—g- C is matter Lagrangian density. The scalar torsion T (this 
notation is borrowed from [2J) is given by 

where 

= ef {d^e^^ - d^el) . (3) 
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^We use units h = c — G = 1 thougliout the paper. 
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Recently, some attempts have been performed to study the present pos- 
itive acceleration of the universe expansion [3j in the framework of the 
teleparallel and the modified teleparallel models of gravity In the general 
theory of relativity, the universe acceleration may be realized by introducing 
an exotic scalar field, 4>, dubbed as quintessence dark energy [5]. The equa- 
tion of state parameter (EoS) of the quintessence cannot be less than — 1, 
Wff, > — 1, therefore this simple model cannot explain the data which favor 
an evolving dark energy whose EoS is less than —1 in the present epoch [6]. 
To remedy this problem, one can introduce nonminimal couplings between 
the scalar field and gravity [2- In the teleparallel framework, and in the 
minimal coupling case, the cosmological consequences of the quintessence 
model are the same as those in the general relativity [SJ- 

In the quintessence model in general relativity, adding a term propor- 
tional to -Rc/'^, where R is the Ricci scalar, to the Lagrangian density is re- 
quired for renormalizability of the theory [9] . The effects of this nonminimal 
coupling term, in particle physics and inflationary cosmology such as super- 
acceleration were explained in [10]. Inspired by this model and to allow the 
phantom divide line crossing in teleparallel cosmology, a dark energy scalar 
field which is coupled to the scalar torsion via a term proportional to TcfP' 
(instead of the aforementioned term RcfP')-, was considered in [8J. Note that, 
in the study of cosmological models in the teleparallel context, it is custom- 
ary to consider the scalar torsion as a substitute for the Ricci scalar [U Hj . 
In [11], similar results as [8] for more general potentials were numerically 
derived. The cosmological phase space analysis of the same model in the 
presence of an interaction between dark sectors was performed in [12j, and it 
was shown that although tt)^ can cross the phantom divide line at late time, 
but the coincidence problem is not alleviated. The similarity of the model to 
the ELKO (Eigenspinoren des LadungsKonjugationsOperators) spinor dark 
energy model [13] was also briefiy investigated. This similarity may have 
root in the relation between the torsion and the spinor fields [13]. In [15j . 
in the absence of the scalar field potential, some analytical solutions were 
proposed, confirming the possible occurrence of the phantom phase. 

In this manuscript, we consider a universe which is nearly composed of a 
scalar field dark energy with a power law potential, and cold dark matter in 
the framework of the teleparallel model of gravity . Like [8] , the scalar field 
is assumed to be coupled to the scalar torsion via a term proportional to 
T(t? in the La grangian density. We investigate the possibility of a transition 
from quintessence to phantom phase for the universe and try to obtain an 
analytical solution for the scalar field near the transition time. Based on 
this solution, required conditions for such a transition are obtained. We also 
confirm our results via numerical methods. 
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2 Super acceleration in the teleparallel gravity 



The universe is assumed to be nearly filled with a homogeneous scalar field, 
(/), and cold dark matter. Following [HI [11] the action is taken as 

S = I (y^T + i (a,(/>5> + Cr</.2) - V{<P) + det{e'^)d^x, (4) 

where Cm is the cold dark matter energy density. The scalar field is non- 
minimally coupled to the scalar torsion by the term £,T(fP', where ^ is a real 
number. 

By taking the dynamical vierbeins as 

e), = diag{l, a{t),a{t), a{t)), (5) 

where a{t) is the scale factor, we obtain the metric of the flat Friedmann- 
Lemaitre-Robertson- Walker (FLRW) space-time 

ds"^ = dt"^ - a'^{t){dx'^ + dy"^ + dz"^). (6) 

We have chosen the metric signature (1,-1,— 1,-1). From ([2]), the torsion 
scalar is derived in terms of the Hubble parameter, H = as T = —6H^. 
By variation of the action ^ with respect to the vierbeins one obtains the 
Friedmann equations: 

= YiP'P + Pm), (7) 

and 

H = -47r{p^ + P^ + Pm). (8) 

Pm is the cold dark matter energy density and p^p and are the effective 
energy density and pressure of the scalar field respectively, given by 

= ^</'2-F((/>) + 4ew + e(3i/2 + 2ij)(/)2. (9) 

Using Q, we can rewrite ([7]) and ([5D as 
and 

H = -4.l±^^E4P^. (11) 
The scalar field equation 

4) + 3H<j) + 6CH^(l) + V'{^) = 0, (12) 
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may be derived from the continuity equation 



+ ZH{p^ + P^) = 0. (13) 

The matter energy density also satisfies its own continuity equation 

+ ?,Hp,n = 0. (14) 

Note that using the continuity equations and one of the Friedmann equa- 
tions, one can derive the other Friedmann equation. 

In the following we assume that the Hubble parameter is a differentiable 
function of time in the epoch where the possible transition from quintessence 
to phantom phase occurs and try to obtain consistent analytic solutions to 
the scalar field and the Friedmann equations realizing such a transition. The 
Taylor expansion of the Hubble parameter about the transition time which 
is taken to be t = 0, is given by [16] 



H = hQ + hit^ + 0{t^^^), k>2, hi>0. (15) 

ho is the value of the Hubble parameter at the transition time, k is the order 
of the first non zero derivative H at t = 0, and 

If one of the Friedmann equations, and also the continuity equations are 
satisfied by (fT5]) , then the model is capable of describing the phantom divide 
line crossing. This can be simply seen from w = —1 — , where w is the 
EoS of the universe. As w is given hy w = — ^ — = ( — ^ — ] w^, w < —1 
implies < — 1, although the reverse is not true. 
In our study, we assume that 

< 3/^0, (17) 

which has been vastly employed in the literature as one of the slow roll 
conditions. With this assumption, (fT2]l reduces to 



By substituting (fTSj) into ([IT]) we get 

In minimal models (i.e. = 0) the universe is always in the quintessence 
phase. For ^ 7^ but in the absence of the potential and matter, H is still 
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negative (this can be seen from (|19p and ()10p ). So for the transition, besides 
^ 7^ 0, we also need to have the presence of the matter and the potential. 
To go further we choose the quadratic potential 

V{^) = \rr?<\>^, (20) 

where m is the mass of the scalar field. In terms of dimensionless parameters 

r = /lot, h.\ = TTTT; — jr^ the solution of the field equation ([12]), in the 

" " 

limit (HZ]), is 

^ {\2ki - 6C<J> f-T^'/Ti, 1, + m'<I> i-r'^hx, 1, 



(/)(r) = (;/)(0) exp 



(21) 

where the Lerchphi function, has the series representation 

$(z,s,a) = ^-— — . (22) 

To find conditions of validity of our approximation p7|). by inserting (|2ip 
back into (|17p . and after some computations we arrive at 

|6C + 7fi2|<l, (23) 

leading to = < and |6C| < 1. 

By substituting ([TC]) into p4p. the cold matter energy density is obtained 

as 

p„ = p^(0) exp 1^-3 + ^r'^+i^ ^ , (24) 
where as before pm = tt^ and Pm{0) = Pmit = 0). We can now consider the 

"■0 

equation (jlip , and examine the validity of the solution (jl5p . Inserting (j2ip , 
dM]), and ([I5]) into ([n]) gives 

khir''-^ + ©(r'^) = i/i + i/2r + 0{t^) (25) 



where 



and 



47r 36CV(0)-9p^(0)-mV(0) 

- T TTs^^mo) ' ^^^^ 



= 27(rT^^[-^' + + T2.^^^p.(0) (27) 

36^^771^ - 6^m^ + 4327r^2^™(o) - 3247r^pm(0) - 40.5^^(0)]. 
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The equation ()25p requires k = 2, Hi = 0, and hi = So at transition 
time the cold dark matter energy density must be 



p^(0) = (4^2 - ^) c^\0). (28) 

Positivity of energy density yields 

16^1 > rh^, (29) 

which implies that for ^ = no transition occurs as expected. By apply- 
ing the approximation (j23p in (j27p and by considering Hi = 0, after some 
computations, hi becomes 



3 l + 87rC</)2(0) ^ ^ ^ 
UTrpmiO) 



(30) 



1 + 8^02(0)' 

which is positive provided that 

l + 8<</.2(0) > 0. (31) 

pup , by expressing the transition rate of the Hubble parameter in terms of 
Pm{0), reveals the key role of matter density in the transition. 

Collecting all together, we can conclude that the Priedmann equations 
have the solution 

near t = 0, allowing a transition from quintessence to phantom phase at 
t = 0, provided that (f23|) and (f29|) and (f3T|) hold. To get an estimation 
about the energy density of the scalar field we use ([2T]) to obtain 

^(0) = -^(6C + ^2)</>(0). (33) 



This equation together with (p3]) . give 

1 



/>4O)=.^(m2_6e)02(o)/i2. (34) 



Note that for ^ < 0, ()29p results in > 0. In contrast to minimal model, i.e. 
when ^ = 0, (j34p does not imply that the main part of the energy density is 
coming from the scalar field potential. From ()28p . we have also 

PnM ^ Ue - ^) <^\0)hl (35) 
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Therefore from ([23]) W6 concliid.G that (0) ^ P0(O) and the coincidence 
problem is note aUeviated in our non-interacting model. 

We can confirm our results by using numerical method. Let us take (jlOp . 
([12]), and ([H]) as our independent equations. Inspired by the aforementioned 
discussions, we choose the initial conditions as {i;^(0) = 18.47, /5m(0) = 1.33 x 
10-^ ^(0) = 3.1 X 10"^C = -10"^, m = 10^2}^ and depict ^ numerically 
in terms of dimensionless time r in fig. ([I]) using Maplel3 plots package. 




Figure 1 : -rr depicted in terms of dimensionless time r with initial conditions 

"o 

and parameters {(/>(0) = 18.47, p„(0) = 1.33 x 10-^ ^(0) = 3.1 x 10-^,^ = 
-lQ-'^,m = 10-2}. 

This figure shows that H has a minimum at r = 0, where the transition 
from quintessence to phantom phase occurs. In the same way in fig ([5]), ^ 
is depicted with the same initial conditions taken in the previous figure. 




Fi gure 2: depicted in terms of dimensionless time t with initial conditions 

and parameters {0(0) = 18.47, p,„(0) = 1.33 x 10-^ ^(0) = 3.1 x 10^3,^ = 
-10-'^,m = 10-2}. 

When one generalizes the potential to embrace higher powers of the 
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scalar field, mathematical computations are not straightforward and ob- 
taining scalar field compact solutions like (j2ip . even if possible, is very com- 
plicated. But, in principle, one can use numerical analysis to see whether the 
phantom divide can be crossed in a specific model by specified parameters. 
As an example, for the cubic potential 

V{<P) = ^<A^ (36) 

and for the parameters = — 10~^,A = A = 10^^} and initial conditions 

{0(0) = -1.97, p„(0) = 1.6 X 10-3, #(0) - 3.95 x lO^^}, the behaviors of 
H and ^ are depicted in fig.Q and fig.([l]) respectively, using Maplel3 
plots(odeplots) package, illustrating the occurrence of the phantom divide 
line crossing at r = 0. 




Figure 3: -rr depicted in terms of dimensionless time r with initial conditions 
and parameters {(/>(0) = -1.97, p„(0) = 1.6 x lO'^, ^(0) = -3.95 x lO^^}^ 
= -10"^, A = 10"^}, for the cubic potential. 
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Figure 4: depicted in terms of dimensionless time r with initial conditions 
and parameters {(/)(0) = -1.97,p,„(0) = 1.6 x 10-^ ^(0) = -3.95 x lO^^}, 
= -10~^, A = 10"^}, for the cubic potential . 

3 Conclusion 

After a brief introduction to the teleparallel cosmology, we considered a 
spatially flat FLRW space-time filled nearly with cold dark matter and a 
single scalar field with quadratic potential and nonminimally coupled to 
gravity. Focusing on the phantom divide line crossing, we find an analytical 
solution for the scalar field. Based on this solution, conditions required for 
such a transition in terms of the parameters of the model, i.e. the mass of 
the scalar field and the coupling coefficient of the scalar field to gravity were 
obtained. We obtained the Hubble parameter and the transition rate and 
showed that the transition is not allowed in the absence of matter. It was 
explained that, although our model is capable of describing the phantom 
divide line crossing, but the coincidence problem is not alleviated in this 
context. Finally we confirmed our results via numerical methods and showed 
numerically that the same phase transition may occur for higher order power 
law potentials. 
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